Two-level Poisson model
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3.1 Two-level models for count outcomes from ASPART data
3.1.1 The data

The data for this example are taken from a paper by McKnight and Van Den Eeden (1993),
who reported on the number of headaches in a two treatment, multiple period crossover trial.
Specifically, the number of headaches per week was repeatedly measured for 27 patients.
Following a seven day placebo run-in period, subjects received either aspartame or placebo
in four seven-day treatment periods according to the double-blind crossover treatment design.
Each treatment period was separated by a washout day. The sample size is 122. Data for the
first 10 observations of all the variables used in this section are shown below in the form
of a SuperMix spreadsheet window for aspart.ss3.

E.gaspart.sﬂ ;lglil
||D Apply |
(211D |(B) Headac| (C) Period! | (D] Perind2 | [E] Period2 | (F)Periodd | (51 Drugtsp | (H]_NPerio [ NTDaps | <]

1 200 0.00 0.00 0.00 0.00 0.00 0.00 200 7.00/|

2 200 5.00 1.00 0.00 0.00 0.00 1.00 300 7.00

3 200 2.00 0.00 1.00 0.00 0.00 0.00 200 7.00

4 500 2.00 0.00 0.00 0.00 0.00 0.00 500 .00

5 500 0.00 1.00 0.00 0.00 0.00 1.00 500 7.00

B 500 2.00 0.00 1.00 0.00 0.00 0.00 500 7.00

7 500 0.00 0.00 0.00 1.00 0.00 1.00 500 7.00

8 500 0.00 0.00 .00 0.00 1.00 0.00 500 7.00

3 12.00 7.00 0.00 0.00 0.00 0.00 0.00 500 7.00

10 12.00 7.00 1.00 0.00 0.00 0.00 1.00 500 7.00| -
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The variables of interest are:

o ID is the patient ID (27 patients in total).
Headache is the number of headaches during the week (from 0 to 7).

Period1 is a period 1 treatment indicator (1 for the first treatment period and 0
otherwise).

o Period2 is a period 2 treatment indicator (1 for the second treatment period and 0
otherwise).

o Period3 is a period 3 treatment indicator (1 for the third treatment period and 0
otherwise).

o Period4 is a period 4 treatment indicator (1 for the fourth treatment period and 0
otherwise).

o DrugAsp indicates the type of drug being used for the treatment, (0 = placebo and 1 =
aspartame). 75 observations used placebo and 47 used aspartame.

o Nperiods is the number of periods the individual was observed (from 2 to 5).
NTDays is the number of treatment days in the period (from 1 to 7).

3.1.2 A 2 level Poisson model with random intercept
3.1.21 The model

To model the relationship between the number of headaches during the week (Headache) and
the treatment indicators (Period1 to Period4) and the type of drug administered (DrugAsp), the
following Poisson regression model with a random intercept may be used:

log(/iy. ) = f, + B, x Periodl, + B, x Period2, + f3; x Period3,
+f3, x Period4,, + f; x DrugAsp,; +v,,

where 4, denotes the mean number of headaches of patient i for treatment period j;
Period1, , Period2,, Period3, and Period4,, denote the values of the dummy variables Period1,
Period2, Period3 and Period4 for patient i for treatment period ; respectively; DrugAsp,
denotes the value of the DrugAsp for patient i for treatment period j; £,, B, 5., 5> B,
and p; denote unknown parameters; and v,, denotes the random intercept for patient i for

i=1,2,...,27 and j=0,1,2,3. This model is fitted to the data in aspart.ss3 as described
below.



3.1.2.2 Setting up the analysis

Start by opening the SuperMix spreadsheet aspart.ss3. Select the New Model Setup option on
the File menu to load the Model Setup window. On the Configuration tab, enter the titles 2
level Poisson log random intercept model and ASPART data for the analysis in the Title 1 and
Title 2 text boxes respectively. The count outcome variable Headache is selected from the
Dependent Variable drop-down list box. The Dependent Variable Type drop-down list box is
used to indicate that the outcome variable is a count. The variable 1D, which defines the levels
of the hierarchy, is selected as the Level-2 ID from the Level-2 IDs drop-down list box.

& Model Setup: aspart1l.mum =101x]

|Eariables| Starting Valuesl Eattems' Advanced | Linear Transforms

Title:1; |2 level Poizzon log random intercept model

Tile 2 |ASPART data

Cependent ¥ ariable Type: Icount j Level-2 [Ds: IID j
Dependent Yanable: IHeadache j Level-3 [Ds: I j
Write Bayes Estimates: Imeans & [coJvanances j

Corwvergence Criterian; |D.DDD1

Humber of lterations: |1 ]

Migsing ¥alues Present: |false j Generate Table of Means: Ino 'l
Output Type: Istandard j

Use the arrow keys or click on the desired tab to select the categony of interest for the model,

Next, click on the Variables tab to proceed with variable selection. The variables Period1,
Period2, Period3, Period4, and DrugAsp are specified as the fixed effects of the model by
checking the E check boxes for Period1, Period2, Period3, Period4, and DrugAsp in the
Available grid. These actions produce the following Variables tab. By default, an intercept
model is included in the fixed part of the model, along with a random intercept at level 2.



 Model Setup: aspart1.mum - |E||i|

Canfiquration | Starting \r"aluesl Eatternsl Advanced | Linear Transfarms
Available | E | 2 Explanatony Y aniables L-2 Random Effects |

In} i Periad1

Headache i Period2

Period1 Wi Period3

Period2 Wi Period4

Periad3 W Drugtsp

Period4 Wi

Drugtsp W

MPeriods NN

NTDays [ ¥ Include Intercept

¥ Include Intercept

IJze the arraw keys or click on the desired tab to select the category of interest fiar the model.

Model Setup: aspartl.mum 1= =l

Lonfiguration Eariablesl Starting Valuesl Patterns  Advanced |I=inear Transfnrmsl

— Gereral Settings Time Settings

Unit ‘w/eighting: quual j Incorporate Time Offzet: Ino j

Optimization Method: Inon-adaptive quadrature j
Mumber of Quadrature Points: |2D

— Dependent [Count) % ariable Settings

Diztribution Model:

E stimate Seale: Inone j

Select an appropriate distribution model.

Finally, we click on the Advanced screen and keep all the default settings as shown above,
except for those concering the method of estimation. Select non-adaptive quadrature, and set
the quadrature points to 20. Before we can run the analysis, we have to save the model
specifications to a file. This is accomplished by using the Save option on the File menu to
open a Save Mixed Up Model dialog box. First enter the name aspart1.mum in the File name



text box and then click on the Save button to save the file. The analysis is run by selecting the
Run option from the Analysis menu. This produces the corresponding output file aspart1.out.

3.1.23 Discussion of results

Portions of this output file are shown below.

Model and data description

The output file indicates that there are 27 subjects with 122 observations nested within them.
The number of observations per subject varies between 2 and 5.

¥ SuperMix - [aspart1.out] _ 10l =]
.‘? File Analysis Window Help 18] x|
Model and Data Descriptions d
Sanpling Distribution = Poisson
Link Function = Loy = |
Number of Lewvel-Z Units z7
Hunber of Lewel-1 Tnits 122
Number of Lewel-1 Tnits per Lewel-Z Unit =
3 13 E 2 E E E E 13 13 4 2
5 5 5 5 5 5 5 5 5 5 5 5
3 2 z
-
4| | r
Save As.. | LCloze

Descriptive statistics

The descriptive statistics for all the variables is shown next. The variance of Headache is
1.8863% =3.5581, which is substantially larger than the mean 1.6803. This might conflict
with our assumption that the Poisson distribution is an appropriate choice for these data. This
can be verified by fitting a negative binomial model with a small dispersion parameter.

'?:' SuperMix - [aspart1.out] i =]
.‘? File Analysis Window Help 18] x|
Standard d
Wariable Minimum Maximuam Mean Dewviation
Headache 0. o0oo0o0 7.0000 1l.8802 1.2862
intercept 1.0000 1.0000 1.0000 0. o000 =
Pericdl 0. 0000 1.0000 0.Z212 0.41e62
PeriodZ 0. o0oo0o0 1.0000 0.z043 0.4083
Period3 0. o0oo0o0 1.0000 0.1803 0.3860
Periodd 0. o0oo0o0 1.0000 01721 0.3791
Drugl=zp 0. o0oo0o0 1.0000 0.38E82 0.42387
-
4| | »
Save Az | LCloze




Results for the model without any random effects

The results for the model without any random effects are shown below. In this section the
goodness of fit statistics, estimated regression weights and event rate ratio and 95% event
rate confidence intervals are included.

'?:' SuperMix - [aspart1.out] _10] =l

;_9 File Analysis  Window Help _|ﬁl|5|
| Results for the model without any random effects |
p==================================================g

Statistic Value LF Batic
Likelihood Ratio Chi-scquare Z43.82E87 lle z.1012
Pearson Chi-soquare ZE3.8934 11l& Z.1887

Eztimated regression weights

Standard
Darameter Eztimate Error z Value I' Talue
intercept 0.4654 0.152% 3.0El& 0.0022
Periodl 0.031g 0O.ZEZ65 0.4043 0.&68860
PeriodZ o.oLzl 0,227 0.0E7E 0.3E42
Period3 —-0.ZE45 0.2471 -0.3084 0.2637
Periodd -0.1240 0.ZE540 -0.7242 0.4682
Drugl=zp 0.233Z2 0,159 1.461Z2 0. 1440
Event Rate Ratio and 25% Event Rate Confidence Interwvals
Eounds=s

Parameter Eztimate Ewvent Rate Lower Tpper
intercept 0.4654 1.5928 1.1211 2.1474
Periodl 0.031g 1.0353 0.7030 1.7085
PeriodZ o.oLzl lL.olz2E 0.&426 1.5227
Period3 —-0.ZE45 0.7383 0.4923 1.2387
Periodd -0.1240 0.2320 0.E0E57 1.32688
Drugl=zp 0.233Z2 1.Z2628 0.3235 1

. . . LTEES -
< | _>|_I

Save As... | LCloze |

Fixed and random effect results

The final results are shown next. The number of iterations needed for convergence and the
deviance information are given first, followed by the estimates.

The random-effect standard deviation is estimated as .643, and although a Wald test rejects
the hypothesis that this parameter equals 0, use of the Wald test for testing whether variance
parameters equal zero is questionable, since the Wald test is based on the assumption that
parameters can assume any real value. Regarding the regression coefficients, all effects are
non-significant. The results indicate that the model does not fit the data very well.



¥ SuperMix - [aspartl.out] =10l x|

l‘? File Analysis ‘Window Help _|ﬁ'|ﬂ

g==============================================g
Mumber of rmadrature points = z0
Number of free parameters = 7
Number of iterations used = 4
-Zlnl ({deviance statistic) = 406. 34505
Akaike Information Criterion 420.34505
Schwarz Criterion hzs_s77z0

Ezstimated regression weights

Standard
Darameter Estimate Error z Value I Value J
intercept 0_Z257Z 0.z0z4 1.z708 0.z032
Pericdl 0.0207 0.2343 0.32434 073132
PeriodZ 0.0345 02237 0.154Z 08775
Period3 -0.ZE67 0.Z545 -0.g303 0.3730
Periodd -0.15%2 0_z5z3 -0_8E235 0_5z20
Drughsp D.Z1E1 0.1le3g 1.2128 0.129Z
-
dl | ;IJ
Save Az | LClaze

The event ratio and 95% event rate confidence interval and estimated level-2 variances and
covariances are shown next to the estimated regression weights. The event ratios are the

A

exponents (e’ ) of the estimated regression coefficients.

¥ SuperMix - [aspart1.out] =10l x|

.‘? File Analysis Window Help 8=l
Event Rate Batio and 35% Event Rate Confidence Interwvals ;I
Eounds=
Parameter Eztimate Ewent Rate Lower Tpper
intercept O.2572 12933 0.8637 1.3231
Periodl 0.0g07 l.0g40 0.5240 1.7180
Deriodz 0.024L 1.02E1 0.6877 1. 6046
Period3 -0.zz87 0.7971 0.4541 1.3127
Periodd -0.1E3Z 0.2E528 0.E13& 1.4000
Drugl=p O.Z1E1 1.z400 0.8994 1.709&

Estimated lewvel & wvariances and cowvariances

Standard
Parameter Estimate Error z Value P Value
intercept fintercept 0.4z30 0.171E Z2.E50Z24 0.01z2 -
dl | _>I_I

Save As.. | LCloze

The random-effect variance is estimated as 0.429, and although a Wald test rejects the
hypothesis that this parameter equals 0, use of the Wald test for testing whether variance
parameters equal zero is questionable, since the Wald test is based on the assumption that
parameters can assume any real value. Regarding the regression coefficients, all effects are
non-significant. The results indicate that the model does not fit the data very well.



31.24 Interpreting the results
Estimated outcomes for groups: unit-specific results

The expected number of headaches can be obtained in the following fashion. First, we
substitute the estimated coefficients in the model formulation

log(Headache;,-) = B+ B, xPeriodl; + B,xPeriod2;

+ z’3>< Period3, + ﬁ4>< Period4, + &Sx DrugAsp,
=0.2572+0.0807 x Periodl; +0.0345x Period2,
—0.2267 x Period3; —0.1592 x Period4,, +0.2151x DrugAsp,;.
or, after taking exponents on both sides, as
Hea&ache,j =exp(0.2572 +0.0807 x Periodl; +0.0345 x Period2,
—0.2267 x Period3; —0.1592 x Period4,, + 0.2151x DrugAsp,)).

As an example, we calculate the expected number of headaches for a typical patient to whom
aspartame was administered (DrugAsp = 1). During the first treatment period, we find that for
such a patient

Headache, = exp(0.2572 +0.0807 + 0.2151)
—1.7385,

The expected numbers of headaches for a typical patient (again with DrugAsp = 1) for the
second, third, and fourth treatment periods are calculated as

Hea&ache,-j =exp(0.2572+0.0345+0.2151)
=1.6600,

Headache, = exp(0.2572 — 0.2267 +0.2151)
=1.2784,

and

Headache, = exp(0.2752—0.1592+0.2151)
~13677

respectively. Complete results for all groups are given in Table 5.2.



Estimated outcomes for groups: population-average results

The latent response variable model,

Vi = Zayb: +X0y,Bgy + €55

makes the assumption that e, : LID(0, o). For a Poisson distribution it is assumed that

o. =1. Under the assumption that v, and e, are independently distributed, it follows that

2 2
c, =2,®,2,+0,.

y

The design effect d;; is defined as

62
d, =—1

y 20
G,

which, for the current model, may be calculated as

2
d =0 Var(vl'“)“ ~1.4290

»
y 2
Ge

where var(v,,)=0.4290, with v,; denoting the random intercept coefficient. The estimated

population-average probabilities (Hedeker & Gibbons, 2006) are obtained in a similar
fashion as the unit-specific probabilities, after replacing the exponent in the formula used for

calculation of the estimated unit-specific probabilities with exp = exp/ \/Z as shown below.

Headache; = exp[(0.2572+0.0807 x Periodl; +0.0345x Period2; —0.2267 x Period3;
—0.1592x Period4,, +0.2151x DrugAsp,;) /+/1.4290].

The expected unit-specific and population average probabilities are summarized in Table 5.3.
We see that there is very little difference in the estimated number of headaches. This result is

to be expected as the design effect is +/1.4290 =1.1954.



Table 5.3: Estimated unit-specific and population average results for groups

oRUGASP | Pariod | Simated headaches [ Esimatd hoadoches
0 1 1.4020 1.1728
0 2 1.3387 1.1199
0 3 1.0310 0.8624
0 4 1.1030 0.9227
1 1 1.7385 1.4543
1 2 1.6600 1.3886
1 3 1.2784 1.0694
1 4 1.3677 1.1441
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