
 
 
 
Three-level models (HLM3) 
 
Conventional Representation: Level 1 
 
 At level 1, we have  
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Here  
 

• jkY is the jkn by 1 outcome vector, 
 

• R
jkA is the jkn by RP matrix of predictors having random effects at level 2; 

• R
jkπ is the RP vector of level-1 coefficients that are random at level 2; 

• F
jkA is the jkn by FP matrix of predictors having fixed effects at level 2; and 

• F
jkπ is the FP vector of level-1 coefficients having fixed effects at level 2. 

 
Conventional Representation: Level 2 
 
At level 2 we have  
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• RR

jkX  is a RP by RRQ matrix of predictors of R
jkπ having random effects at level 3;  

• RR
kβ  is the RRQ by 1 vector of level-2 coefficients associated with RR

jkX ; 

• jkr is a RP  by 1 vector of level-2 random effects; 

• RF
jkX  is the RP by RFQ matrix of predictors of R

jkπ having fixed effects at level 3; 

• RF
kβ  is the RFQ by 1 vector of level-2 coefficients associated with RF

jkX ; 

• FR
jkX  is the FP by FRQ matrix of predictors of F

jkπ having fixed effects at level 3; 



• FR
kβ  is the FRQ by 1 vector of level-2 coefficients associated with FR

jkX ; 

• FF
jkX  is the FP by FFQ matrix of predictors of F

jkπ having fixed effects at level 3; 

• FF
kβ  is the FFQ by 1 vector of level-2 coefficients associated with FF

jkX . 
 
Conventional Representation, Level 3 
 
At level 3 we have  
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Here 
 

• RR
kW is a RRQ by RRS matrix of predictors; 

• RRγ is a RRS by 1 vector of fixed effects; 
• RR

ku  is a RRQ by 1 vector of random effects; 

• RF
kW is a RFQ by FRS matrix of predictors; 

• RFγ is an RFS by 1 vector of fixed effects; 
• FR

kW is a FRQ by FRS matrix of predictors; 

• FRγ is a FRS by 1 vector of fixed effects; 
• FR

ku  is a FRQ by 1 vector of random effects; 

• FFW is a FFQ by FFS matrix of predictors; 
• FFγ is a FFS by 1 vector of fixed effects; 

 
Revised Representation 
  
The logic of allocating degrees of freedom is easy to follow if we represent the model as follows: 
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• The elements of R

jkπ are R
jkp Rπ , for Rp =1,…, RP . The elements of F

jkπ are F
jkp Fπ , for Fp =1,…, 

FP . 
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• The elements of RF
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• The elements of RRγ  are RR
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 is the dimension of RRγ . 
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Degrees of Freedom 
 

1. For any element RR
sqp R

Rp
qRp

R
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Rγ of RRγ , the degrees of freedom are R
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4. For any element FF
sqp F
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Fγ of FFγ , the degrees of freedom are 

 FFRFRRR SJPQQKN −−+− )( . 
 



 


